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$1. INTRODUCI’ION 
THE PURPOSE of this paper is to obtain some sufficient conditions for the normal bundle of an 
embedding of a manifold in Euclidean space to admit a nowhere-zero cross-section. Among 
our results are the following: 
THEOREM 4.1. Suppose M” is a smooth, closed, r-parallelizable n-dimensional manifold 
smoothly embedded in R” i ’ with normal bundle v. Suppose r 5 +(n + l), k 2 max{n - r + 1, 
f(n + 3)). Then v admits a nowhere-zero cross-section (and hence M” immerses in R”’ k-1). 
THEOREM 4.3. Suppose n 2 11 and that M” is a closed, smooth, simply-connected spin 
manifold of dimension n embedded in R2”- 4 with normal bundle v. Then v admits a nowhere- 
zero cross-section (and hence M” immerses in R2”-5). 
THEOREM 4.4. Suppose n 2 13 and that M” is a closed, smooth, 2-connected manyold 
of dimension n embedded in R2”- 5 with normal bundle v. Then v admits a nowhere-zero cross- 
section (and hence M” immerses in R2”-6). 
The main geometric fact needed to prove our results is that if v is the normal bundle of an 
embedding of M” in Euclidean space, the inclusion of M” into the Thorn space of v via the 
zero-section is homotopically trivial (Lemma 2.3). The main proposition (3.1) then follows 
by a suitable application of the homotopy excision theorem [2, 3, 8,9]. 
In section 5, an application is given to quaternionic projective spaces. We provide counter- 
examples to the conjecture that if quaternionic projective n-space QP” immerses in Rm, it 
embeds in R”. 
$32. LEMMAS 
LEMMA 2.1. Let (X, A) be a pair of C W-complexes. Let p : X +X/A denote the natural 
projection. Suppose p* : lI,JX, A) + lIj(X/A,*) is injective for j s q and surjective for j 5 
q + 1. Let Y be a CW-complex of dimension 5 q, and g : Y + X a map such that pg is 
homotopically trivial. Then g factors, up to homotopy, through A. 
Remark 2.2. If (X, A) is s-connected and A is t-connected, it follows from the homotopy 
excision theorem [2,3, 8,9] that we can take q = s -I- t. 
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Proof of 2.1. Convert p : X + X/A into a fibration p’ : X’ + X/A with an inclusion 
i : X+X’ which is a homotopy equivalence such that p’i = p. Let F = p’-I(*). Then ig 
factors, up to homotopy, through F. But it is easily seen that (ilA), : II,(A) + II,(F) is 
injective fori 5 4 - 1 and surjective fori r q and so ig factors, up to homotopy, through A. 
Since i is a homotopy equivalence we are done. 
LEMMA 2.3. Let M be a closed, smooth mantfold dtflerentiably embedded in some 
Euclidean space. Let T denote the Thorn space of the normal bundle of this embedding and 
i : M + T the zero-section. Then i is homotopically trivial. 
Proof. Immediate since i factors through Euclidean space, being the composition of the 
embedding followed by the collapsing of the complement of a tubular neighborhood of M 
in Euclidean space to a point. 
$3. THE MAIN PROPOSITION 
MAIN PROPOSITION 3.1. Suppose M is a smooth, closed r-parallelizable n-dimensional 
mantfold smoothly embedded in R n’ k with normal bundle v. Suppose k > r . Then v admits 
a nowhere-zero cross-section over the q-skeleton Mt4, of M provided q s min (2k - 3, 
r + k - l}. 
Proof. Since k > r, VIM(,) is trivial. Hence there exists a k-plane bundle r over M/MC,, 
such that g*t = v, where g : M + M/MC,, is the natural projection. We can assume that < 
has a Biemannian metric. Let D(r) and S(5) denote, respectively, the total spaces of the 
unit disc bundle and unit sphere bundle associated with 5, and T(r) = D(<)/S(c) the Thorn 
space of <. Let h : M --, D(5) be the composition of g with the zero cross-section M/MC,, + 
D(r). It suffices to show that hlM(,, factors, up to homotopy, through S(c). 
We have the commutative diagram 
f I I P 
T(v) T(8! T(5) 
where the maps are the obvious ones. By 2.3, i is homotopically trivial. Hence ph is homo- 
topically trivial. Since (D(r), S(r)) is k - l-connected and S(r) is min {k - 2, r}-connected, 
the proposition now follows from 2.1 and 2.2. 
$4. MAIN THEOREMS 
THEOREM 4.1. Suppose M” is a smooth, closed, r-parallelizable n-dimensional mantfold 
smoothly embedded in R”+ ’ with normal bundle v. Suppose r 5 +(n + l), k 2 max {n - r + 1, 
f(n + 3)). Then v admits a nowhere-zero cross-section (and hence M” immerses in R”+‘-l). 
Proof. The first part is immediate from 3.1. The immersion part follows from a well- 
known theorem of Hirsch [S]. 
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COROLLARY 4.2. If M” is a closed, almost-parallelizabl manifold (e.g. a n-manifold) 
embedded in R”+ ’ with normal bundle v, then v admits a nowhere-zero cross-section provided 
k 2 f(n + 3). 
THEOREM 4.3. Suppose n 2 11 and that M” is a closed, smooth, simply-connected spin 
mantfold of dimension n embedded in R2”- 4 with normal bundle v. Then v admits a nowhere 
zero cross-section (and hence M” immerses in R2”- ‘). 
Proof. Since spin is equivalent o 3-parallelizable, 3.1 implies that v, restricted to the 
n - 2-skeleton of M”, admits a nowhere-zero cross-section. The only obstruction to extend- 
ing this to a nowhere-zero cross-section over M” is a cohomology class with coefficients in 
II,_,(s”-5) = 0 [6, p. 3311. The immersion part follows from [5]. 
THEOREM. 4.4. Suppose n 2 13 and that M” is a closed, smooth, 2-connected manifbld 
of dimension n embedded in RZne5 with normal bundle v. Then v admits a nowhere-zero 
cross-section (and hence M” immerses in R2”-6). 
Proof. Since 2-connected implies spin, 3.1 implies that v, restricted to the n - 3-skeleton 
of M”, admits a nowhere-zero cross-section. The only obstruction to extending this to a 
nowhere-zero cross-section over M” is a cohomology class with coefficients in A “_ 1(S”-6) 
= 0 [6, p. 3321. The immersion part follows from [5]. 
$5. APPLICATION TO QUATERNIONIC PROJECTIVE SPACES 
By results of Sanderson [7, Theorems 5.1 and 5.21 and Adem-Gitler [l, Theorem 12.31, 
we have: 
5.1. If n = 2* + 2’, q > r 2 0, then QP” immerses in REnm5 but does not immerse in 
REV6 
. 
THEOREM 5.2. If n is as in 5.1, except that (q, r) # (1, 0), then QP” does not embed in 
REP 5 
. 
Proof If it did, 4.4. would imply that it immerses in REn-‘, contradicting 5.1. 
By either [7, Theorem 5.11 or [4, Theorem 2.31, if n is as in 5.1, QP” embeds in REnW4. 
Combining this with 5.2. we have: 
COROLLARY 5.3. If n as is in 5.2, the embedding QP” in REnm4 is best possible. 
$6. CONCLUDING REMARKS 
Some of the considerations above are valid for topological embeddings with normal disc 
bundle. 
Instead of requiring r-parallelizability, we may only require that the normal sphere 
bundle, restricted to the r-skeleton, be fibre homotopically trivial. 
Finally, I am grateful to Professor M. W. Hirsch for several helpful comments. 
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